Abstract. We proceed with the investigation of the problem
Introduction and statements of main results
Let Ω be a bounded domain of IR N (N ≥ 2) with smooth boundary ∂Ω. This paper is devoted to the study of nontrivial non-negative solutions for the problem • λ ∈ R; • 1 < q < 2 < p < ∞;
• a, b ∈ C α (Ω) for some α ∈ (0, 1), a, b ≡ 0, and b ≥ 0; • n is the unit outer normal to the boundary ∂Ω.
By a nonnegative (classical) solution of (P λ ) we mean a nonnegative function u ∈ C 2+θ (Ω) for some θ ∈ (0, 1) which satisfies (P λ ) in the classical sense. When λ ≥ 0, the strong maximum principle and the boundary point lemma apply to (P λ ), and as a consequence any non-trivial nonnegative solution of (P λ ) is positive on Ω. In the sequel we call it a positive solution of (P λ ).
In this article, we proceed with the investigation of (P λ ) made in [13] . We are now concerned with the case where b ≥ 0 and we investigate the existence of a unbounded subcontinuum C 0 = {(λ, u)} of nontrivial non-negative solutions of (P λ ), bifurcating from the trivial line {(λ, 0)}. Note that since q < 2 the nonlinearity in (P λ ) is not differentiable at u = 0, so that we can not apply the standard local bifurcation theory [5] directly. When a ≡ 0, Γ 0 = {(0, c) : c is a positive constant} is a continuum of positive solutions of (P λ ) bifurcating at (0, 0), and there is no positive solution for any λ = 0. Throughout this paper we shall then assume a ≡ 0, and we shall observe that the existence and behavior of C 0 depend on the sign of a.
To state our main results we introduce the following sets: where dist (x, A) denotes the distance function to a set A, and moreover,
Assumptions (H 1 ) and (H 2 ) are used to obtain a priori bounds on positive solutions of (Q λ,ǫ ) below, cf. Amann and López-Gómez [2] .
Let us recall that a positive solution u of (P λ ) is said to be asymptotically stable (respect. unstable) if γ 1 (λ, u) > 0 (respect. < 0), where γ 1 (λ, u) is the smallest eigenvalue of the linearized eigenvalue problem at u, namely,
In addition, u is said to be weakly stable if γ 1 (λ, u) ≥ 0. First we state a result on the existence of a unbounded subcontinuum of nontrivial non-negative solutions of (P λ ), and its behavior and stability in the case Ω a ≥ 0.
Moreover, the following assertions hold:
(1) There is no positive solution of
(2) Any positive solution of (P λ ) is unstable.
(3) C 0 ∩ {(λ, 0) : λ = 0} = ∅. More precisely, for any Λ > 0 there exists δ 0 > 0 such that max Ω u > δ 0 for all nontrivial non-negative solutions of (P λ ) with λ ≤ −Λ.
In this case, (P λ ) has at least one nontrivial non-negative solution for every λ < 0, see Figure 1 . To state our result corresponding to Theorem 1.2 in the case Ω a < 0 we consider the following eigenvalue problem:
For λ > 0 we denote by σ λ the smallest eigenvalue of (1.4), which is simple and principal, and by φ λ a positive eigenfunction associated with σ λ . Note that σ λ < 0. We shall deal with the following cases:
consists of positive solutions of (P λ ). Moreover the following assertions hold:
(1) There exists δ 0 > 0 such that max Ω u > δ 0 for all nontrivial non-negative solutions of (P λ ) with λ ≤ 0. Consequently, C 0 bifurcates to the region λ > 0 at (0, 0) and does not meet {(λ, 0) : λ < 0}.
where u λ is the minimal positive solution of (P λ ) for λ ∈ (0, Λ 0 ), i.e. u λ ≤ u on Ω for all positive solutions u of (P λ ). In addition, we have:
(c) u λ → 0 and λ
Finally, there exists δ > 0 such that if |λ| ≤ δ and u is a positive solution of
Moreover, the following assertions hold:
(a) (P λ ) has a minimal positive solution u Λ0 for λ = Λ 0 , and λ → u λ is continuous (e) Any positive solution u of (P λ ), except u λ for 0 < λ ≤ Λ 0 , is unstable. In particular, any positive solution u of (P λ ) with (2) In the case Ω a < 0, it holds under (H 01 ), (H 1 ) and (H 2 ) that
Consequently, (P λ ) has at least one nontrivial non-negative solution for every λ < 0, at least one positive solution for λ = 0, Λ 0 , and at least two positive solutions for every λ ∈ (0, Λ 0 ), see Figure 2 .
1.1. Notation. Throughout this article we use the following notations and conventions:
• The infimum of an empty set is assumed to be ∞.
• Unless otherwise stated, for any f ∈ L 1 (Ω) the integral Ω f is considered with respect to the Lebesgue measure, whereas for any g ∈ L 1 (∂Ω) the integral ∂Ω g is considered with respect to the surface measure.
• For r ≥ 1 the Lebesgue norm in L r (Ω) will be denoted by · r and the usual norm of H 1 (Ω) by · .
• The strong and weak convergence are denoted by → and ⇀, respectively.
• The positive and negative parts of a function u are defined by u ± := max{±u, 0}.
• If U ⊂ IR N then we denote the closure of U by U and the interior of U by int U . Figure 2 . A unbounded subcontinuum of nontrivial non-negative solutions in the case Ω a < 0.
• The support of a measurable function f is denoted by supp f .
The rest of this article is organized as follows. In Section 2 we prove some nonexistence results. In Section 3, to bypass the difficulty that (P λ ) is not differentiable at u = 0, we consider a regularized problem with a new parameter ǫ > 0 at u = 0 and prove the existence of a unbounded subcontinuum of positive solutions for this problem. By the Whyburn topological technique we shall deduce the existence of a unbounded subcontinuum of nontrivial non-negative solutions for (P λ ), passing to the limit as ǫ → 0 + . Section 4 is devoted to the proofs of Theorems 1.2 and 1.4.
Some non-existence results
First we prove the following non-existence result in the case Ω a ≥ 0. (1) There is no positive solution of (P λ ) for any λ ≥ 0.
Proof.
(1) Let u be a positive solution of (P λ ) for some λ ∈ IR. We consider two cases:
(i) We assume that a(x) ≡ cb(x) for any c ∈ IR. Then u is not a constant. The divergence theorem provides
It follows that
Since Ω bu q−p > 0, it should hold that λ < 0.
(ii) We assume now that a(x) ≡ cb(x) for some c ∈ IR. Since Ω a ≥ 0 and b ≥ 0, we have c > 0. If u is a constant then it is clear that λ < 0. Otherwise we argue as in (i).
(2) Let Λ > 0. Assume by contradiction that there exists a sequence (u n ) of nontrivial non-negative solutions of (P λ ) with λ = λ n such that λ n ≤ −Λ and max Ω u n → 0 (λ n → −∞ may occur). It follows that
and consequently u n → 0 in H 1 (Ω). We set v n = un un , and we assume that
we get λ n Ω bv Proof. Similarly as in the proof of Proposition 2.1(2), we argue by contradiction. Assume that there exists a sequence {(λ n , u n )} of nontrivial non-negative solutions u n of (P λ ) with λ = λ n such that λ n ≤ 0 and max Ω u n → 0 (λ n → −∞ may occur). It follows that u n → 0 using (2.1) again. Set v n = un un . We may assume that v n ⇀ v 0 for some v 0 ∈ H 1 (Ω),
. From (2.1) it follows that lim Ω |∇v n | 2 = 0. We deduce that v 0 is a positive constant, and v n → v 0 in H 1 (Ω). On the other hand, from (2.1) we infer
a, which contradicts our assumption.
Positive solutions of a regularized problem
We consider now the existence of a subcontinuum of nontrivial non-negative solutions for (P λ ) emanating from the trivial line. Since the mapping t → t q−1 is not differentiable at t = 0, we can not use the local and global bifurcation theory from simple eigenvalues [4, 5] . To overcome this difficulty we investigate the existence of a subcontinuum of positive solutions emanating from the trivial line for a regularized version of (P λ ), which is formulated as
where 0 < ǫ ≤ 1. Indeed, the mapping t → (t + ǫ) q−2 t is analytic at t = 0. We remark that (Q λ,0 ) corresponds to (P λ ), so that (P λ ) is the limiting case of (Q λ,ǫ ) as ǫ → 0 + . To study the existence of bifurcation points on the trivial line {(λ, 0)} for (Q λ,ǫ ), we consider the linearized eigenvalue problem at a nonnegative solution u of (Q λ,ǫ )
Plugging u = 0 into (3.1), we obtain the linearized eigenvalue problem
This problem has a unique principal eigenvalue σ ǫ (λ), which is simple. Moreover we see that σ ǫ (λ) > 0 for λ < 0, σ ǫ (λ) = 0 for λ = 0, and σ ǫ (λ) < 0 for λ > 0. Note that (3.2) has a positive eigenfunction associated with σ ǫ (λ), which is a positive constant if λ = 0.
Proposition 3.1. Let 0 < ǫ ≤ 1. Then the following two assertions hold:
solutions, which bifurcates at (0, 0) and does not meet (λ, 0) for any λ = 0.
Proof. Assertion (1) is straightforward from the fact that σ ǫ (λ) > 0 for λ < 0, and σ ǫ (λ) < 0 for λ > 0. By using assertion (1), assertion (2) is a direct consequence of the global bifurcation theory [9] . The following a priori upper bound on the uniform norm of nonnegative solutions of (Q λ,ǫ ) is obtained using a blow up technique from Gidas and Spruck [6] and follows from Amann and López-Gómez [2] and López-Gómez, Molina-Meyer and Tellini [7] : Proof. We use a comparison principle. For Λ > 0 we first consider the case λ ∈ [0, Λ]. Let u be a nonnegative solution of (Q λ,ǫ ). Then, since u ≤ C 1 on ∂Ω a − by assumption, u is a subsolution of the problem
(4.1)
Let w 0 be the unique positive solution of the Dirichlet problem
Set w 1 = C(1 + w 0 ) with C > 0. Then w 1 is a supersolution of (4.1) if we choose C such that
, Λ max
Indeed, we observe that
So, the comparison principle (Proposition A.1 in the Appendix) for (4.1) yields that
Next we consider the case λ ∈ [−Λ, 0]. Let u be a non-negative solution of (Q λ,ǫ ). It is straightforward that u is a subsolution of the problem
Using the unique positive solution w 0 of (4.2), we see that C 1 (1 + w 0 ) is a supersolution of (4.3), and thus, from the comparison principle, we deduce again
Summing up, C 2 = C 1 + max Ω a − w 0 yields the desired conclusion.
The following a priori upper bound of the uniform norm on Ω a + for nonnegative solutions of (Q λ,ǫ ) can be established in a similar manner as [7, Theorem 6.3] . We use now a topological method proposed by Whyburn [14] to prove the existence of a unbounded subcontinuum of nontrivial non-negative solutions of (P λ ). Let 0 < ǫ ≤ 1 and Λ > 0 be fixed. By Proposition 3.1 there exists a subcontinuum C ′ ǫ of positive solutions of (Q λ,ǫ ) such that Arguing as in Section 3 of [11] , we have the following facts:
it is non-empty;
• up to a subsequence, there holds (λ ǫ , u ǫ ) → (−Λ, u 0 ) in IR × C(Ω), and u 0 is a nonnegative solution of (P λ ) for λ = −Λ.
Hence we use (9.12) Theorem in page 11 of [14] , to deduce that C 0 := lim sup ǫ→0 + C ′ ǫ is non-empty, closed and connected, i.e., it is a subcontinuum. Furthermore, we can check that C 0 is contained in the set of nonnegative weak solutions of (P λ ) (and therefore in the set of nonnegative solutions of (P λ ), by elliptic regularity).
Finally, we shall show that C 0 \ {(0, 0)} consists of nontrivial non-negative solutions of (P λ ). To this end, we prove the following lemma, see Proposition 2.1(2). Proof. The proof is carried out with a minor modification of that of Proposition 2.1 (2) . Assume that u n is a positive solution of (Q λn,ǫn ) such that max Ω u n → 0, ǫ n → 0 + , and λ n ≤ −Λ. As in the proof of Proposition 2.1(2), we deduce u n → 0 in H 1 (Ω), and then, putting v n = un un , it follows that, up to a subsequence, v n → v 0 in H 1 (Ω) for some positive constant v 0 . Now, from the assumption of u n , we derive
By multiplying the left hand side by u n −1 , we deduce
Since v 0 is a positive constant, we have Ω b = 0, a contradiction. Now, we end the proof of Theorem 1.2. By definition, (−Λ, u 0 ) ∈ C 0 . From Lemma 4.5, it follows that u 0 ≡ 0, so that u 0 is a nontrivial non-negative solution of (P λ ) for λ = −Λ. Combining this assertion, Proposition 2.1, and the connectivity of C 0 , we deduce that C 0 \ {(0, 0)} is contained in the set of nontrivial non-negative solutions of (P λ ). Since Λ is arbitrary, assertion (4) of this theorem follows, and now, C 0 is the desired subcontinuum. We have finished the proof of Theorem 1.2. Now it remains to verify Assertion (5). To prove the uniqueness of a positive solution of (P λ ) for λ > 0, we first reduce (P λ ) to an equation with a nonlinear, compact and increasing mapping, as follows. If u is a positive solution of (P λ ) then, for a constant ω > 0, we have
where K : C(Ω) → C 1 (Ω) is the compact mapping defined as the resolvent of the linear Neumann problem
More precisely, for any ψ ∈ C θ (Ω), θ ∈ (0, 1), Kψ ∈ C 2+θ (Ω) is the unique solution of the linear problem above. Moreover, K is known to be strongly positive, i.e. for u ≥ 0 satisfying u ≡ 0 we have Ku > 0 on Ω (we denote it by Ku ≫ 0).
Next we shall observe that
We derive (4.4) from the slope condition of F ω . Indeed, we see
provided that ω is large. We derive (4.5) by the direct computation
Now we use a uniqueness argument from the proof of [1, Theorem 24.2]. Let λ > 0, u 1 be the minimal positive solution of (P λ ), and u 2 another positive solution of (P λ ). Then we have u 1 ≤ u 2 . Assume by contradiction that u 1 ≡ u 2 . Then, since u 1 ≫ 0, there exists τ 0 ∈ (0, 1) such that u 1 − τ 0 u 2 ≥ 0 but u 1 − τ 0 u 2 ∈ ∂P , where P = {u ∈ C(Ω) : u ≥ 0} denotes the positive cone of C(Ω) and ∂P the boundary of P . Note that if u ≫ 0 then u is an interior point of P . Take a constant C > 0 such that u 1 , u 2 ≤ C. Using (4.4) and (4.5) and the fact that K is strongly positive, we deduce that
where u ≫ v means u − v ≫ 0. Hence u 1 − τ 0 u 2 is an interior point of P , which contradicts u 1 − τ 0 u 2 ∈ ∂P . Consequently, u 1 ≡ u 2 , and the uniqueness holds.
Moreover, under (H 02 ), the implicit function theorem is applicable at any positive solution of (P λ ) with λ > 0. Therefore, based on assertion (1), we deduce that
To prove Λ 0 = ∞, we establish an a priori bound for positive solutions of (P λ ) in a similar way as Proposition 2.1 (2) . For the sake of a contradiction we may assume |λ n | ≤ Λ, u n → ∞, and u n is a positive solution for λ = λ n . Since
we deduce lim sup n Ω |∇v n | 2 → 0, where v n = ≡ 0. Since v 0 is a positive constant, this contradicts the assumption a ≡ 0. Therefore we have proved that for any Λ > 0 there exists C Λ > 0 such that if u is a positive solution of (P λ ) with λ ∈ [−Λ, Λ] then u ≤ C Λ , and thus, u C(Ω) ≤ C for some C > 0 by elliptic regularity, as desired. By combining the a priori bound and the use of the implicit function theorem, we verify assertion (5) .
The proof of Theorem 1.4 is now complete.
We conclude with the following remark on Theorems 1.2 and 1.4:
Remark 4.6. Consider (P λ ) with q = 1, 2. These cases do not correspond to a concaveconvex nonlinearity but it is worthwhile discussing the nontrivial non-negative solutions set of (P λ ). We may check that (P λ ) still has a subcontinuum C 0 of solutions such that C 0 \ {(0, 0)} consists of nontrivial non-negative solutions (with the same nature as in the case q ∈ (1, 2)).
(1) Case q = 1: In this case, λb(x)u q−1 = λb(x) does not depend on u, so that (P λ ) no longer possesses the trivial line of solutions {(λ, 0)}. However, when Ω a < 0, we can prove the existence of a subcontinuum C 1 = {(λ, u)} of non-negative solutions bifurcating at (0, 0) to λ > 0 and such that C 1 \ {(0, 0)} consists of positive solutions of (P λ ) when λ ≥ 0. To this end, we carry out again the Whyburn topological argument developed in Subsection 4.2. Let C q = {(λ, u)}, q ∈ (1, 2), be the unbounded subcontinuum of positive solutions of (P λ ) bifurcating at (0, 0), as provided by Theorem 1.4. Then, the topological argument in Subsection 4.2 holds with ǫ replaced by q for λ ≥ 0. Note that λ given by Proposition 4.1 and C Λ given by Proposition 4.2 are determined uniformly as q → 1 + . Moreover, we can check in the same way that assertions (1) through (6) in Theorem 1.4 hold true for q = 1. Consequently, C 1 = lim sup q→1 + C q | λ≥0 is our desired subcontinuum.
(2) Case q = 2: In this case, λb(x)u q−1 = λb(x)u is linear. There is a large literature on this case, with many results on the positive solutions set. Indeed, the general global bifurcation theory due to Rabinowitz provides the existence of a unbounded subcontinuum C 2 = {(λ, u)} of solutions of (P λ ) bifurcating at (0, 0) and such that C 2 \ {(0, 0)} consists of positive solutions. Furthermore, assertions (1) through (4) in Theorem 1.2 and assertions (1) through (6) in Theorem 1.4 are verified in the same way, except the assertion Λ 0 = ∞ in Theorem 1.4(5). Actually, this assertion is not true in general for q = 2. Indeed, when (H 02 ) is satisfied, we know the following two results:
• If a < 0 on Ω then Λ 0 = ∞ (see Amann [1, Theorem 25.4] ).
• Assume that {x ∈ Ω : a(x) = 0} = ∅ and b ≡ 1. Assume additionally that On the other hand, it would be difficult to consider the limiting case p = 2 by the same approach as in the cases q = 1, 2, since our argument essentially uses the condition p > 2. Indeed, we do not know whether Proposition 2.1(2) and Proposition 2.2 remain true for the case p = 2. Thus, in the case p = 2, one should follow another approach to study bifurcation from zero. where:
• D is a bounded domain of IR N with smooth boundary ∂D.
• Γ 0 , Γ 1 ⊂ ∂D are disjoint, open, and smooth (N − 1) dimensional surfaces of ∂D.
• Γ 0 , Γ 1 are compact manifolds with (N − 2) dimensional closed boundary γ = Γ 0 ∩ Γ 1 such that ∂D = Γ 0 ∪ γ ∪ Γ 1 .
• f : Ω × [0, ∞) → IR and g : Γ 1 × [0, ∞) → IR are continuous.
• C 1 is a non-negative constant.
The Proof. Let θ : IR → IR, be a nonnegative nondecreasing smooth function such that θ(t) = 0 for t ≤ 0 and θ(t) = 1 for t ≥ 1. For ε > 0 we set θ ε (t) = θ(t/ε). Since u − v ≤ 0 on Γ 0 , we have vθ ε (u − v) ∈ H 
